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 By modeling long-range interactions, dense CRFs provide a more detailed labeling compared to their sparse 

counterparts. Variational inference in these dense models is performed using a ltering based mean field algorithm in 

order to obtain a fully factorized distribution minimizing the Kull back Leibler divergence to the true distribution. In 

contrast to the continuous relaxation based energy minimisation algorithms used for sparse CRFs, the mean field 

algorithm fails to provide strong theoretical guarantees on the quality of its solutions. we solve a convex quadratic 

programming (QP) relaxation using the efficient Frank-Wolfe algorithm. This also allows us to solve difference of 

convex relaxations via the iterative concave convex procedure where each  iteration requires solving a convex QP. 

Finally, we develop a novel divide and conquer method to compute the subgradients of a linear programming 

relaxation that provides the best theoretical bounds for energy minimisation. We demonstrate the advantage of 

continuous relaxations over the widely used mean field algorithm on publicly available datasets. crowd density 

from static images of highly dense crowds. We use a combination of deep and shallow, fully convolutional networks 

to predict the density map for a given crowd image. Such a combination is used for effectively capturing both the 

high-level semantic information (face/body detectors) and the low level features (blob detectors), that are necessary 

for crowd counting under large scale variations. As most crowd datasets have limited training samples (<100 

images) and deep learning based approaches require large amounts of training data, we perform multi-scale data 

augmentation. Augmenting the training samples in such a manner helps in guiding the CNN to learn scale invariant 

representations.. 
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INTRODUCTION 

Crowd counting is a crucial component of such an 

automated crowd analysis system. This involves 

estimating the number of people in the crowd, as well as 

the distribution of the crowd density over the entire area 

of the gathering. Identifying regions with crowd density 

above the safety limit can help in issuing prior warnings 

and can prevent potential crowd crushes. Estimating the 

crowd count also helps in quantifying the significance of 

the event and better handling of logistics and 

infrastructure for the gathering. Traditionally, computer 

vision methods have employed sparse connectivity 

structures, such as 4 or 8 connected grid CRFs. Their 

popularity leads to a considerable research e ort in 
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efficient energy minimization algorithms. One of the 

biggest successes of this e ort was the development of 

several accurate continuous relaxations of the underlying 

discrete optimization problem. An important advantage 

of such relaxations is that they lend themselves easily to 

analysis, which allows us to compare them theoretically, 

as well as establish bounds on the quality of their 

solutions. Recently, the in uential work of Krahenbuhl 

and Koltun has popularized the use of dense CRFs, 

where each pair of random variables is connected by an 

edge. Dense CRFs capture useful long-range interactions 

thereby providing near details on the labeling. 

While the mean field algorithm does not provide any 

theoretical guarantees on the energy of the solutions, the 

use of a richer model, namely dense CRFs, still allows us 

to obtain a significant improvement in the accuracy of 

several computer vision applications compared to sparse 

CRFs. However, this still leaves open the intriguing 

possibility that the same altering approach that enabled 

the efficient mean field algorithm can also be used to 

speed up energy minimization algorithms based on 

continuous relaxations. In this work, we show that this is 

indeed possible. 

 

RELATED WORKS: 

Some works in the crowd counting literature experiment 

on datasets having sparse crowd scenes, such as UCSD 

dataset , Mall dataset and PETS dataset . In contrast, our 

method has been evaluated on highly dense crowd 

images which pose the challenges discussed in the 

previous section. Methods introduced in and exploit 

patterns of motion to estimate the count of moving 

objects. How-ever, these methods rely on motion 

information which can be obtained only in the case of 

continuous video streams with a good frame rate, and do 

not extend to still image crowd counting. 

Krahenbuhl and Koltun popularized the use of 

densely connected CRFs at the pixel level, resulting in 

significant improvements both in terms of the 

quantitative performance and in terms of the visual 

quality of their results. By restricting themselves to 

Gaussian edge potentials, they made the computation of 

the message in parallel mean field feasible. This was 

achieved by formulating message computation as a 

convolution in a higher dimensional space, which 

enabled the use of an efficient filter based method. 

While the original workused a version of mean field 

that is not guaranteed to converge, their follow up paper 

proposed a convergent mean field algorithm for negative 

semi definite label compatibility functions. Recently, 

Baque et al. Presented a new algorithm that has 

convergence guarantees in the general case. Vineet et al. 

extended the mean field model to allow the addition of 

higher orderterms on top of the dense pairwise 

potentials, enabling the use of co-occurrence potentials 

and P n-Potts models. The success of the 

inferencealgorithms naturally lead to research in learning 

the parameters of dense CRFs. Combining them with 

Fully Convolution Neural Networks has resulted in high 

performance on semantic segmentation applications [16]. 

Several works showed independently how to jointly 

learn the parameters of the unary and pair wise 

potentials of the CRF. These methods led to significant 

improvements on various computer vision applications, 

by increasing the quality of the energy function to be 

minimized by mean field. 

In this paper, we use the same filter based method as 

the one employed in mean- field. We build on it to solve 

continuous relaxations of the original problem that have 

both convergence and quality guarantees. Our work can 

be viewed as a complementary direction to previous 

research trends in dense CRFs. While improved mean 

field and learnt the parameters, we focus on the energy 

minimization problem. 

 

PRELIMINARIES 

Before describing our methods for energy 

minimisation on dense CRF, we establish the necessary 

notation and background information. 

Dense CRF Energy Function: we define a dense CRF 

on a set of N random variables ᵪ = {𝑋1 , … . 𝑋𝑁} each of 

which can take one label fro a set of M labels ℒ =

{𝑙1 , … . 𝑙𝑀}. To describe a labelling, we use a vector x of 

size N such that its element 𝑥𝑎  is the label taken by the 

random variable 𝑋𝑎 . The energy associated with a given 

labelling is defined as: 

𝐸 𝑥 =  𝜙𝑎
𝑁
𝑎=1  𝑥𝑎 +   𝜓𝑎 ,𝑏(𝑥𝑎 , 𝑥𝑏 )𝑁

𝑏=1
𝑏≠𝑎

𝑁
𝑎=1 (1) 

Here,  𝜙𝑎(𝑥𝑎 )is called the unary potential for the random 

variable 𝑋𝑎  taking the label 𝑥𝑎 . The term 𝜓𝑎 ,𝑏(𝑥𝑎 , 𝑥𝑏) is 

called the pair wise potential for random variable  𝑋𝑎  and 

𝑋𝑏  taking the labels 𝑥𝑎  and 𝑥𝑏  respectively. The energy 



  

 

 
12  International Journal for Modern Trends in Science and Technology 

 

minimisation problem on this CRF can be written as   

𝑋∗ =
𝑎𝑟𝑔𝑚𝑖𝑛

𝑥
𝐸(𝑥)           (2) 

Gaussian Pair wise Potential: 

Similar to previous work we consider arbitrary unary 

potential and Gaussian pairwise potentials. Specifically, 

the form of the pairwise potentials is given by: 

𝛹𝑎 ,𝑏 𝑖, 𝑗 = 𝜇(𝑖, 𝑗)  𝜔(𝑚 )𝑘(𝑓𝑎
(𝑚)

, 𝑓𝑏
(𝑚)

)𝑚       (3) 

𝑘 𝑓𝑎 , 𝑓𝑏 = exp(
− 𝑓𝑎−𝑓𝑏 2

2
)            (4) 

We refer to the term 𝜇(𝑖, 𝑗) is a label compatibility 

function between the labels I and j. An example of a label 

compatibility function is the Potts model, where  

𝜇𝑝𝑜𝑡𝑡𝑠  𝑖, 𝑗 = [𝑖 ≠ 𝑗], that is  

𝜇𝑝𝑜𝑡𝑡𝑠  𝑖, 𝑗 = 1  𝑖𝑓𝑖 ≠ 𝑗𝑎𝑛𝑑 0 𝑜𝑡𝑒𝑟𝑤𝑖𝑠𝑒. 

Note that the label compatibility does not depend on 

the image. The other term, called the pixel compatibility 

function, is a mixture of Gaussian kernels k(.,.). 

The coefficient of the mixture are the weights 𝜔𝑚 . The 

𝑓𝑎
(𝑚 )

 are the features describing the random variables 𝑋𝑎 . 

Note that the pixel compatibility does not depend on the 

labeling. In practice, we use the position and RGB values 

of a pixel as features. 

IP Formulation: 

We now introduce a formulation of the energy 

minimization problem that is more amenable to 

continuous relaxations. Specifically, formulate it as an 

Integer Program (IP) and then relax it to obtain a 

continuous optimization problem. To this end, we define 

the vector y whose components 𝑦𝑎 (𝑖)   are indicator 

variables specifying whether or not the random variable 

𝑋𝑎  takes the label i. using this notation, we can rewrite 

the energy minimization problem as an IP: 

 

min   𝜙𝑎 𝑖 𝑦𝑎 (𝑖)𝑖∈𝐿 +𝑁
𝑎=1

   𝜓𝑎 ,𝑏 𝑖, 𝑗 , 𝑦𝑎 𝑖 𝑦𝑏 𝑗 ,    𝑠. 𝑡.  𝑦𝑎 𝑖 =𝑖∈𝐿𝑖 ,𝑗 ∈𝐿
𝑁
𝑏=1
𝑏≠𝑎

𝑁
𝑎=1

1     ∀𝑎∈  1, 𝑁 ,                     (5) 

𝑦𝑎 𝑖 ∈  0,1 ∀𝑎∈  1, 𝑁 ∀𝑖  ∈ 𝐿. 

The first set of constraints model the fact each random 

variable has to be assigned exactly one label. The second 

set of constraints enforce the optimization variable 𝑦𝑎 (𝑖)  

to be binary. Note that the objective function is equal to 

the energy of the labeling encoded by y. 

 

FILTER- BASED METHOD 

A key component of our algorithms is the filter-based 

method of Adams et al. It computes the following 

operation: 

∀𝑎  ∈  1, 𝑁 , 𝑣𝑎
′ =  𝑘 𝑓𝑎 , 𝑓𝑏 𝑣𝑏

𝑁
𝑏=1         (6) 

Where 𝑣𝑎
′ , 𝑣𝑏 ∈ ℝ  𝑎𝑛𝑑 𝑘(. , . )  is a Guassian kernel. 

Performing this operation the naïve way would result in  

computing a sum on N elements for each of the N terms 

that we want to compute. The resulting complexity 

would be 𝑂(𝑁2). The filter- based method allows us to 

perform it approximately with 𝑂(𝑁)  complexity. The 

accuracy of the approximation made by the filter-based 

method is explored in the future discussion. 

Quadratic Programming Relaxation: 

The filter-based method can be used to optimize our 

first continuous relaxation, namely the convex quadratic 

programming (QP) Relaxation. 

Notation: In order to concisely specify the QP 

relaxation, we require some additional notations. The 

vector ϕ contains the unary terms. the matrix μ 

corresponds to the label compatibility function. The 

Guassian kernels associated with the m-th features are 

represented by their Gram matrix 𝐾𝑎 ,𝑏
(𝑚 )

= 𝑘(𝑓𝑎
(𝑚)

, 𝑓𝑏
(𝑚 )

). 

The kronecher product is denoted by   . the matrix Ψ 

represents the pair wise terms and is defined as follows: 

𝛹 = 𝜇 ( 𝐾(𝑚 ) − 𝐼𝑁)𝑚      (7) 

Where  𝐼𝑁  is the identity matrix. Under this notation, 

the IP can be concisely written as 

min 𝜙𝑇𝑦 + 𝑦𝑇𝛹𝑦  , 

𝑠. 𝑡 𝑦 ∈ 𝐼(8) 

With 𝐼 being the feasible set of integer solution, as 

defined in equation (5). 

Relaxation:  In general, IP such as (8) are NP-hard 

problems. Relaxing the integer constraint on the indicator 

variables to allow  fractional values between 0 and 1 

results in the QP formulation. Formally, the feasible set of 

our minimization problem becomes: 

ϻ =  𝑦 𝑠𝑢𝑐 𝑡𝑎𝑡  
𝑦𝑎 𝑖 = 1      ∀𝑎∈  1, 𝑁 

𝑦𝑎 𝑖 ≥ 0        ∀𝑎∈  1, 𝑁 , ∀𝑖∈ 𝐿𝑖∈𝐿          

(9) 

However , this QP is still NP-Hard of the objective 

function is non-convex . To alleviate this difficulty, The 

QP minimization to the following convex problem 

min 𝑆𝑐𝑣𝑥  𝑦 = (𝜙 − 𝑑)𝑇𝑦 + 𝑦𝑇(𝛹 + 𝐷)𝑦, 

𝑠. 𝑡    𝑦 ∈ ϻ,                    (10) 

Where the vector d is defined as follows 

𝑑𝑎 𝑖 =    𝜓𝑎 ,𝑏(𝑖, 𝑗) 𝑗 ∈𝐿
𝑁
𝑏=1
𝑏≠𝑎

,          (11) 

And D is the square diagonal matrix with d its 

diagonal. 

Gradient computation 

Since the objective function is quadratic, its gradient 
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can be computed as 

∇𝑆𝑐𝑣𝑥  𝒚 =  𝜙 − 𝑑 + 2 𝛹 + 𝐷 𝑦     (12) 

What makes this equation expensive to compute in a 

naïve way is the matrix product with Ψ . we observe that 

this operation can be performed using the filter-based 

method in linear time. Note that the other matrix- vector 

product Dy, is not expensive (linear in N) since D is a 

diagonal matrix. 

Ground truth: 

The exact position of the head annotations is often 

ambiguous, and varies from annotator to annotator 

(forehead, centre of the face etc.), making CNN training 

difficult. In  the authors have trained a deep network to 

predict the total crowd count in an image patch. But 

using such a ground truth would be suboptimal, as it 

wouldn't help in determining which regions of the image 

actually con-tribute to the count and by what amount. 

Zhang et al. have generated ground truth by blurring the 

binary head annotations, using a kernel that varies with 

respect to the perspective map of the image. However, 

generating such perspective maps is a laborious task and 

involves manually labelling several pedestrians by 

marking their height. We generate our ground truth by 

simply blurring each head annotation using a Gaussian 

kernel normalized to sum to one. This kind of blurring 

causes the sum of the density map to be the same as the 

total number of people in the crowd. Preparing the 

ground truth in such a fashion makes the ground truth 

easier for the CNN to learn, as the CNN no longer needs 

to get the exact point of head annotation right. It also 

provides information on which regions contribute to the 

count, and by how much. This helps in training the CNN 

to predict both the crowd density as well as the crowd 

count correctly. 

Data Augmentation: 

As CNNs require a large amount of training data, we 

per-form an extensive augmentation of our training 

dataset. We primarily perform two types of 

augmentation. The first type of augmentation helps in 

tackling the problem of scale verifications in crowd 

images, while the second type improves the CNN's 

performance in regions where it is highly susceptible to 

making mistakes i.e., highly dense crowd regions. 

 

Algorithm 1  Frank-Wolfe Algorithm 

1: Get     𝑦0 ∈ ϻ 

2: while not converged do 

3: compute the gradient at 𝑦𝑡  𝑎𝑠 𝑔 = ∇𝑓(𝑦𝑡) 

4: compute the conditional gradient as 𝑠 =

𝑎𝑟𝑔𝑚𝑖𝑛
𝑠 ∈ ϻ

 𝑠, 𝑔  

5: compute a step-size 𝛼 = 𝑎𝑟𝑔𝑚𝑖𝑛𝛼∈ 0,1 𝑓(𝛼𝑦𝑡 +

 1 − 𝛼 𝑠) 

6:  move towards the negative conditional gradient 

𝑦𝑡+1 = 𝛼𝑦𝑡 +  1 − 𝛼 𝑠 

7:  endwhile 

 Conditional gradient 

The conditional gradient is obtained by solving 

𝑎𝑟𝑔𝑚𝑖𝑛
𝑠 ∈ ϻ

(𝑠, ∇𝑆𝑐𝑣𝑥  𝒚          (13) 

 

Step Size determination: 

In the original Frank-Wolfe algorithm, the step size is 

simply chosen using line search. However we observe 

that, in our case, the optimal can be computed by solving 

a second-order polynomial function of a single variable, 

which has a closed form solution that can be obtained 

efficiently. This observation has been previously 

exploited in the context of Structural SVM. With careful 

reutilization of computations, this step can be performed 

without additional filter-based method calls. By choosing 

the optimal step size at each iteration, we reduce the 

number of iterations needed to reach convergence. 

Difference of Convex Relaxation: 

The objective function of a general DC program can be 

specified as 

𝑆𝐶𝐶𝐶𝑃(𝑦)=p(y)-q(y)         (14) 

One can obtain one of its local minima using the 

Concave-Convex Procedure(CCCP). In order to exploit 

the CCCP Algorithm for DC programs, we observe that 

the QP equation (8) can be rewritten as   
𝑚𝑖𝑛
𝑦

𝜙𝑇 +

𝑦𝑇 𝛹 + 𝐷 𝑦 − 𝑦𝑇𝐷𝑦, 

𝑠. 𝑡   𝑠 ∈ ϻ                    (15) 

Formally, we can define 𝑝 𝑦 = 𝜙𝑇 + 𝑦𝑇 𝛹 + 𝐷 𝑦   and 

𝑞 𝑦 = 𝑦𝑇𝐷𝑦,  which are both  convex in y. 

Algorithm 2 CCCP algorithm 

1: Get     𝑦0 ∈ ϻ 

2: while not converged do 

3:  Linearise the concave part 𝑔 = ∇𝑞(𝑦𝑡) 

4: minimize a convex upper-bound 𝑦𝑇+1 =

𝑎𝑟𝑔𝑚𝑖𝑛𝑦∈ϻ𝑝 𝑦 − 𝑔𝑇𝑦 

5: endwhile 

 

Experiments: 

DC relaxation: negative semi-definite compatibility 
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We now introduce a new DC relaxation of our 

objective function that takes advantage of the structure of 

the problem. Specifically, the convex problem to solve at 

each iteration does not depend on the filter-based 

method computations. We rewrite the problem as  

𝑆 𝑦 = 𝜙𝑇𝑦 − 𝑦𝑇(𝜇 𝐼𝑁)𝑦
𝑇 + 𝑦𝑇(𝜇  𝐾(𝑚)𝑦.𝑚      (16) 

 

LP Relaxation: 

This section presents an accurate LP relaxation of the 

energy minimization problem and our method to 

optimize it efficiently using sub gradient descent. 

 

Relaxation: 

To simplify the description, we focus on the Potts 

model. However, our approach can easily be extend to 

more general pairwise potentials by approximating them 

using hierarchical Potts model. We define the following 

notation: 

𝐾𝑎 ,𝑏 =  𝜔(𝑚)𝑘(𝑚 ) 𝑓𝑎
(𝑚)

, 𝑓𝑏
(𝑚 )

 ,  =  𝑎𝑛𝑑  =𝑏<𝑎
𝑁
𝑎=1𝑎𝑚

 .𝑎−1
𝑏=1    with these notations, a LP relaxation of equation(5) 

is 

min 𝑆𝐿𝑃 𝑦 =

𝑎𝑖𝜙𝑎𝑖𝑦𝑎𝑖+𝑎𝑏≠𝑎𝑖𝐾𝑎,𝑏𝑦𝑎𝑖−𝑦𝑏(𝑖)2, 

𝑠. 𝑡 𝑠 ∈ ϻ.         (17) 

The feasible set remains the same as the one we had for 

the QP and DC relaxations. In the case of  integer 

solutions, 𝑆𝐿𝑃 𝑦  has the same value as the objective 

function of the IP described in equation(5).  The unary 

term is the same for both formulations. The pairwise term 

ensures that for every pair of random variables 𝑋𝑎 ,𝑋𝑏 , we 

add the cost 𝐾𝑎 ,𝑏  associated with this edge only if they are 

not associated with the same labels. 

Reformulation: 

The absolute value in the pair wise term of equation(5) 

prevents us from using the filtering approach. To address 

this issue, we consider that for any given label i, the 

variables 𝑦𝑎 𝑖  can be sorted in a descending order: 

𝑎 ≥ 𝑏 ⟹ 𝑦𝑎 𝑖 ≤ 𝑦𝑏 𝑖  this allows us to rewrite the 

pairwise term of the objective function(17) as: 

   𝐾𝑎 ,𝑏
 𝑦𝑎  𝑖 −𝑦𝑏 (𝑖) 

2𝑖𝑏≠𝑎𝑎 =    𝐾𝑎 ,𝑏𝑦𝑎(𝑖)𝑏>𝑎𝑎𝑖 −

   𝐾𝑎 ,𝑏𝑦𝑏(𝑖)𝑏<𝑎𝑎𝑖   (18) 

Sub gradient 

From Equ.(18) we rewrite the subgradient: 
𝜕𝑆𝐿𝑃

𝜕𝑦𝑐(𝑘)
= 𝜙𝑐 𝑘 +  𝐾𝑎 ,𝑐 −𝑎>𝑐  𝐾𝑎 ,𝑐𝑎<𝑐       (19) 

Note that in this expression, the dependency on the 

variable y is hidden in the bounds of the sum because we 

assumed that 𝑦𝑎 𝑘 ≤ 𝑦𝑐 𝑘 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑎 > 𝑐. For a different 

value of y, the elements of y would induce a different 

ordering and the terms involved in each summation 

would not be the same. 

Sub gradient Computation: 

What prevents us from evaluating (20) efficiently are 

the two sums, one over an upper triangular matrix 

( 𝐾𝑎 ,𝑐)𝑎>𝑐  and one over a lower triangular matrix 

( 𝐾𝑎 ,𝑐)𝑎<𝑐 . As opposed equation(6), which computes 

terms  𝐾𝑎 ,𝑏𝑣𝑏𝑎 ,𝑏  for all a using the filter-based method, 

the summation bounds here depend on the random 

variable we are computing the partial derivative for. 

While it would seems that the added sparsity provided 

by the upper and lower triangular matrices would 

simplify the operation, it is this sparsity itself that 

prevents us from interpreting the summations as 

convolution operations. We alleviate this difficulty by 

designing a novel divide-and-conquer algorithm. We 

describe our algorithm for the case of the upper 

triangular matrix. However, it can easily be adapted to 

compute the summation corresponding to the lower 

triangular matrix. We present the intuition behind the 

algorithm using an example. 

If we consider an example. A rigorous development 

can be found 𝑎, 𝑐 ∈ {1,2,3,4,5,6} and the terms we need to 

compute for a given label are: 

 

 
 
 
 
 
 
 
 
 
 
 
 
  𝑲𝒂,𝟏

𝒂>1

 𝑲𝒂,𝟐
𝒂>1

 𝑲𝒂,𝟑
𝒂>1

 𝑲𝒂,𝟒
𝒂>1

 𝑲𝒂,𝟓
𝒂>1

 𝑲𝒂,𝟔
𝒂>1  

 
 
 
 
 
 
 
 
 
 
 
 

=

 
 
 
 
 
 
𝟎 𝑲𝟐,𝟏 𝑲𝟑,𝟏

𝟎 𝟎 𝑲𝟑,𝟐

𝟎 𝟎 𝟎

𝑲𝟒,𝟏 𝑲𝟓,𝟏 𝑲𝟔,𝟏
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We propose a divide and conquer approach that solves 

this problem by splitting the upper triangular matrix U. 

The top-left and bottom-right parts are upper triangular 

matrices with half the size. We solve these sub problems 

recursively. The total complexity to compute this sum is 

𝑂(𝑁 log(𝑁)). The  complexity associated with taking a 

   Full computation              Half computations  
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gradient step is 𝑂(𝑀𝑁 log(𝑁)). 

The algorithm that we introduced converges to a 

global minimum of the LP relaxation. By using the 

rounding procedure introduced by Kleinberg and 

Tardos,it has a multiplicative bound of 2 for the dense 

CRF labeling problem on Potts models and O(log(M)) for 

metric pairwise potentials. 

A Filter-based method Approximation: 

We observe that for the variances considered in this 

paper and without using the normalization by 

Krahenbuhl and Koltun, the results given by the 

permutohedral lattice is a constant factor away from the 

value computed by brute force in most cases. As can be 

seen in Figure in the case where we Compute  𝐾𝑎 ,𝑏1𝑎 ,𝑏 .   

the left graph, the ratio between the value obtained by 

brute force and the value obtained using the 

permutohedral lattice is 0:6 for large enough images. On 

the other hand, for a different value of the input points 

where we compute  𝐾𝑎 ,𝑏 −  𝐾𝑎 ,𝑏𝑏<𝑎 ,𝑏>𝑎  the right graph, 

we get a ratio of 0:48 between the two results. The case 

where we consider a variance of 50 is special. We know 

that the highest the variance value, the worst the 

approximation of the permutohedral is. If the experience 

on the full computation is conducted on an image of size 

320 213, the ratio between the brute force approach and 

the permutohedral lattice is 0:633. At the same time is 

also worth noting that in all these results, if we consider 

the outputs as vectors, as is done when computing our 

gradients, the vectors given by the brute force and the 

ones given by the permutohedral lattice are collinear for 

all image size and all variances. We can thus expect that 

for other input values, the direction of gradient provided 

by the permutohedral lattice is correct, but the norm of 

this vector may be incorrect. 

Compute  𝐾𝑎 ,𝑏1𝑎 ,𝑏 .   the left graph, the ratio between 

the value obtained by brute force and the value obtained 

using the permutohedral lattice is 0:6 for large enough 

images. On the other hand, for a different value of the 

input points where we compute  𝐾𝑎 ,𝑏 −  𝐾𝑎 ,𝑏𝑏<𝑎 ,𝑏>𝑎  

the right graph, we get a ratio of 0:48 between the two 

results. The case where we consider a variance of 50 is 

special. We know that the highest the variance value, the 

worst the approximation of the permutohedral is. If the 

experience on the full computation is conducted on an 

image of size 320 213, the ratio between the brute force 

approach and the permutohedral lattice is 0:633. At the 

same time is also worth noting that in all these results, if 

we consider the outputs as vectors, as is done when 

computing our gradients, the vectors given by the brute 

force and the ones given by the permutohedral lattice are 

collinear for all image size and all variances. We can thus 

expect that for other input values, the direction of 

gradient provided by the permutohedral lattice is correct, 

but the norm of this vector may be incorrect. 

The optimal step size can be computed and that this 

does not introduce any additional call to the filter-based 

method. 

The problem to solve is 

𝑎𝑟𝑔𝑚𝑖𝑛

𝛼 ∈  0,1 
𝑆𝑐𝑣𝑥 (𝑦 + 𝛼(𝑠 − 𝑦))  (21) 

The definition of 𝑆𝑐𝑣𝑥  is 

𝑆𝑐𝑣𝑥 (𝑦) =  𝜙 − 𝑑 𝑇𝑦 + 𝑦𝑇 Ѱ + 𝐷 𝑦     (22) 

Solving for optimal value of  𝛼 amounts to solving a 

second order polynomial: 

𝑆𝑐𝑣𝑥 (𝑦 + 𝛼 𝑠 − 𝑦 

=  𝜙 − 𝑑 𝑇 𝑦 + 𝛼 𝑠 − 𝑦 

+ (𝑦 + 𝛼 𝑠 − 𝑦 𝑇 Ѱ + 𝐷 𝑦 + 𝛼 𝑠 − 𝑦  , 

𝛼2 (𝑠 − 𝑦)𝑇 Ѱ + 𝐷  𝑠 − 𝑦  + 𝛼[ 𝜙 − 𝑑)𝑇 𝑠 − 𝑦 +

2𝑦𝑇 Ѱ + 𝐷  𝑠 − 𝑦  + (𝜙 − 𝑑)𝑇𝑦 + 𝑦𝑇 Ѱ + 𝐷 𝑦,.      (23) 

 

Whose optimal value is given by 

𝛼∗ = −
1

2

[ 𝜙−𝑑)𝑇  𝑠−𝑦 +2𝑦𝑇  Ѱ+𝐷  𝑠−𝑦  

(𝑠−𝑦)𝑇  Ѱ+𝐷  𝑠−𝑦 
     (24) 

The dot products are going to be linear in complexity 

and efficient. Using the filtering approach, the 

matrix-vector operation are also linear in complexity. In 

terms of run-time, they represent the costliest step so 

minimizing the number of times that we are going to 

perform them will gives us the best performance for 

Our algorithm. We remind the reader of the expression 

of the gradient used at an iteration is: 

∇𝑆𝑐𝑣𝑥  𝑦 =  𝜙 − 𝑑 + (Ѱ + 𝐷)𝑦         (25) 

So by keeping intermediary results of the gradient’s 

computation we don’t need compute  Ѱ + 𝐷 𝑦, having 

already performed this operation once. The other 

matrix-vector product that is necessary for obtaining the 

optimal step-size is  Ѱ + 𝐷 𝑠. However, this computation 

can be reused.  The updated rules that we follow are: 

𝑦𝑡+1 = 𝑦𝑡+∝ (𝑠 − 𝑦𝑡)         (26) 

At the following iteration, to obtain the gradient, we 

will need to compute: 

 Ѱ + 𝐷 𝑦𝑇+1 =  Ѱ + 𝐷 (𝑦𝑡+∝  𝑠 − 𝑦𝑡 , 

=  1−∝  Ѱ + 𝐷 𝑦𝑡+∝  Ѱ + 𝐷 𝑠.       (27) 

All the matrix-vector product of this equation have 

already been computed. This means that no call to the 
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filter-based method will be required. 

 

Convex problem in the restricted DC relaxation: 

Two difference-of-convex decompositions of the 

objective function are presented in the paper. On the 

other hand, in the case of negative semi-definite 

compatibility functions, a decomposition suited to the 

structure of the problem is available. Using this 

decomposition, the convex problem to solve CCCP will 

be the following: 

min(𝜙𝑇 + 𝑔𝑇)𝑦 − 𝑦𝑇(𝜇 𝐼𝑁)𝑦, 

𝑠. 𝑡  𝑦 ∈  ϻ                (28) 

The problem to solve for each pixel are, using the a 

subscript to refer to the subset of the vector elements that 

corresponds to the random variable a: 

min 𝜙𝑎
𝑇 + 𝑔𝑎

𝑇 𝑦𝑎 − 𝑦𝑎
𝑇𝜇𝑦𝑎 , 

𝑠. 𝑡    𝑦𝑎 ≥ 0 

𝑦𝑎
𝑇𝟙 = 1.       (29) 

These problems can also be solved using the 

Frank-Wolfe algorithm, with efficient conditional 

gradient computation and optimal step size. The only 

difference is that in that case, no filter-based method will 

need to be used for computation. CCCP on this DC 

relaxation will therefore be much faster than on the 

generic case, an improvement gained at the cost of 

generality.We also remark that the guarantees of CCCP 

to provide better results at each iteration does not require 

to solve the convex problem exactly. It is sufficient to 

obtain a value of the convex problem lower that the 

initial estimate. Therefore, the inference may eventually 

be sped-up by solving the convex problem 

approximately instead of reaching the optimal solution. 

LP objective reformulation 

This section presents the reformulation of the pairwise 

part of the LP objective. We first introduce the following 

equality: 

  𝐾𝑎 ,𝑏𝑦𝑏 𝑖 =   𝐾𝑎 ,𝑏𝑦𝑏 𝑖 𝑏<𝑎𝑎𝑏>𝑎𝑎     (30) 

It comes from the symmetry of K. 

Using the above formula, considering the recording 

has already been done, we can write the pairwise term of 

(18) as: 

   𝐾𝑎 ,𝑏
 𝑦𝑎  𝑖 −𝑦𝑏 (𝑗 ) 

2𝑖𝑏≠𝑎𝑎 , 

=    𝐾𝑎 ,𝑏
 𝑦𝑎  𝑖 −𝑦𝑏 (𝑖) 

2𝑏>𝑎𝑎𝑖 −

   𝐾𝑎 ,𝑏
 𝑦𝑎  𝑖 −𝑦𝑏(𝑖) 

2𝑏<𝑎𝑎𝑖 ,      (31) 

=    𝐾𝑎 ,𝑏𝑦𝑎 (𝑖) −    𝐾𝑎 ,𝑏𝑦𝑎 (𝑖)𝑏<𝑎𝑎𝑖𝑏>𝑎𝑎𝑖 . 

It is important to note in these equations, the ordering 

between a and b used in the summation is dependent on 

the considered label  i. 

LP Divide and Conquer: 

We are going to present an algorithm to efficiently 

compute the following: 

∀𝑘  𝐾𝑘 ,𝑗𝑗>𝑘 ,            (32) 

For j and k being 1 and N. for the sake of simplicity, we 

are going to consider N as being even. The odd case is 

very similar. Considering  h-N/2, we can rewrite the 

original sum as: 

 𝐾𝑘 ,𝑗

𝑗 >𝑘

= {

 𝐾𝑘 ,𝑗     𝑖𝑓 𝑘 > 
𝑗>𝑘

 𝐾𝑘 ,𝑗     𝑖𝑓 𝑘 ≤ 
𝑗>𝑘

 

={
 𝐾𝑘 ,𝑗     𝑖𝑓 𝑘 > 𝑗>𝑘

 𝐾𝑘 ,𝑗  +  𝐾𝑘 ,𝑗𝑗 >𝑘
𝑗>

  𝑖𝑓 𝑘 ≤ 𝑗 >𝑘
𝑗≤

      (33) 

The two elements can be obtained by recursion using 

sub-matrices of K which have half the size of the current 

size of the problem. So we have a recursive algorithm 

that will have a depth of log(𝑁) and for which all level 

takes 𝑂(𝑁) to compute. We can use it to compute the 

requested sum ∀𝑘 in 𝑂(𝑁 log(𝑁)). 

V.Results 

The results of the proposed approach along with other 

recent methods are shown in Table. The results shown do 

not include any post-processing methods. The results 

illustrate that our approach achieves state-of-the-art 

performance in crowd count. 

Method  

Mean Absolute 

Error 

  

Learning to Count   493.4 

Density-aware 

Detection   655.7 

FHSc   468.0 

Cross-Scene Counting   467.0 

Proposed  452.5 

We also show the predicted count for each image in the 

dataset along with its actual count in Fig4. For most of the 

images, the predicted count lies close to the actual count. 

However, we observe that the proposed approach tends 

to underestimate the count in cases of images with more 

than 2500 people. This estimation error could possibly be 

a con-sequence of the insufficient number of training 

images with such large crowds in the dataset. 

We now demonstrate the benefits of using continuous 

relaxations of the energy minimisation problem on two 
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applications: stereo matching and semantic 

segmentation. We provide results for the following 

methods: the Convex QP relaxation (QPcvx), the generic 

and negative semi-definite specific DC relaxations (DCgen 

and DCneg) and the LP relaxation (LP). We compare 

solutions obtained by our methods with the mean- field 

baseline (MF). 

Stereo matching 

We compare these methods on images extracted from 

the Middlebury stereo matching dataset. The unary 

terms are obtained using the absolute difference 

matching function ofThe pixel compatibility function is 

similar to the one used by Kr•ahenb•uhl and Koltun and 

is described in Appendix G. The label compatibility 

function is a Potts model. 

 

 

 

 

 

 

 

 

 

 

 

(a) Runtime comparisons          b) Final Energy 

achieved 

In the case of negative semi-definite potentials, the 

specific DCneg method is as fast as mean- field, while 

additionally providing guarantees of monotonous 

decrease.(Best viewed in colour) 

We observe that continuous relaxations obtain better 

energies than their mean-field counterparts. For a very 

limited time-budget, MF is the fastest method, although 

DCneg is competitive and reach lower energies. When 

using LP, optimising a better objective function allows us 

to escape the local minima to which DCneg converges. 

However, due to the higher complexity and the fact that 

we need to perform divide-and-conquer separately for all 

labels, the method is slower. This is particularly visible 

for problems with a high number of labels. This indicates 

that the LP relaxation might be better suited to ne-tune 

accurate solutions obtained by faster alternatives. For 

example, this can be achieved by restricting the LP to 

optimise over a subset of relevant labels, that is, labels 

thatare present in the solutions provided by other 

methods. Qualitative results for the Teddy image can be 

found in Figure 2 and additional outputs are present in 

Appendix H. We can see that lower energy translates to 

better visual results: note the removal of the artifacts in 

otherwise smooth regions (for example, in the middle of 

the sloped surface on the left of the image). 

 

 

 

 

 

 

 

 

 

 

 

Image Segmentation 

We now consider an image segmentation task 

evaluated on the PASCAL VOC 2010 dataset. For the 

sake of comparison, we use the same data splits and 

unary potentials as the one used by Kr•ahenb•uhl and 

Koltun. We perform cross-validation to select the best 

parameters of the pixel compatibility function for each 

method using Spearmint. 

The energy results obtained using the parameters cross 

validated for DCneg are given in Table 1. MF5 corresponds 

to mean- field ran for 5 iterations as it is often the case in 

practice. 

Once again, we observe that continuous relaxations 

provide lower energies than mean field based 

approaches. To add significance to this result, we also 

compare energies image-wise. In all but a few cases, the 

energies obtained by the continuous relaxations are 

better or equal to the mean- field ones. This provides 

conclusive evidence for our central hypothesis that 

continuous relaxations are better suited to the problem of 

energy minimization in dense CRFs. 
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