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The present study investigates the results of an in-house three-dimensional CFD code, which is designed for 

diesel engine spray calculations. Besides, the importance of implementing different turbulent dispersion 

models is studied. The effects of gas-phase turbulence on the final spray structure and the fuel droplet 

trajectory are considered by utilizing various turbulent dispersion models. Finally, the implementation of the 

droplet dispersion models was compared to that of the droplet trajectory and other information. Furthermore, 

the importance of choosing a proper turbulence closure model is addressed. 
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I. INTRODUCTION 

The emission of diesel engines has drastically cut 

the attention of many researchers to enhance their 

efficiency. To reach an efficient combustion 

process, the quality of fuel-air mixture formation 

should be taken into account as an active 

parameter. To provide a better understanding of 

in-cylinder flows, one can develop CFD codes as a 

practical approach. These 3D analyses extensively 

describe combustion chamber turbulent flows 

formed. Once fuel droplets are added to this 

turbulent flow, the problem becomes more 

substantially complicated, i.e. lack of insight into 

the elemental physics of the droplet-gas flow 

interaction. Therefore, the applied models crucially 

need to be accurate in these calculations. Droplets 

do not thoroughly travel within the carrier phase 

path in turbulent spray flows, but rather the 

interaction between droplets and fluctuating 

velocity yields their rapid dispersion. Implementing 

dispersion models to evaluate RMS values (once 

employing RANS equations), the instantaneous 

fluid velocity is obtained on the site of a droplet. 

Using irrelevant dispersion/turbulence models, 

there is the possibility to reach nonphysical results 

[1-3]. 

A stochastic model was proposed by Yuu and 

Yasukouchi, Hirosawa [4], which addresses the 

empirical correlation of mean and turbulent 

properties. This model was then modified by 

Gosman and Ioannides [5] to cover the 

eddy-particle relative velocity. The modified model 

was entitled “eddy lifetime model,” in which fluid 

velocity has invariant fluctuation on the 

Lagrangian time scale [6] for the sake of simplicity, 

making the model commonly used in the majority 

of commercial CFD codes. However, this model 

fails to be viable in anisotropic turbulent flows 

since it excludes spatial and time correlation of the 
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fluctuation across the particle path [7]. In this 

regard, Fluctuation velocity was rebuilt out of a 

time-correlated random-walk model by Hunt and 

Nalpanis [8] to address time correlation. This 

model takes advantage of the crossing trajectory 

effect, the Lagrangian flow time-scale from the 

particle perspective“. Furthermore, the 

Sommerfeld model [9-11] can incorporate both 

spatial and time correlations, which was derived 

from a Markov-chain random-walk model. In this 

model, fluctuation velocities along the streamline 

and at the droplet location are assessed by a 

Lagrangian correlation factor (time correlation) and 

a Eulerian correlation factor (spatial correlation), 

respectively. The primary purpose of the existing 

research is to investigate droplet dispersion and 

evaporation of diesel engine fuel spray as critical 

factors in the prediction of the effectiveness of 

spray ignition-equipped energy systems. 

II. GOVERNING EQUATIONS 

This section extensively describes the models 

applied to the in-house CFD code to solve the 

fuel-droplet spray injection in the combustion 

chamber of a diesel engine. To solve the two-phase 

flow, the Eulerian-Lagrangian approach was 

implemented wherein the dispersed phase (fuel 

droplets) and the continuous phase (air-fuel vapor 

mixture) were treated by Eulerian and Lagrangian 

equations, respectively. A limited number of 

parcels were employed to describe the spray, 

exhibiting droplets with the same diameter, 

velocity, temperature, and location. In what 

follows, the governing equations of both phases 

and their interactions are explained in complete 

detail.  

A. Gas-phase equations  

This section introduces the governing equations 

of gas phase needed to perform a thorough analysis 

of the problem. Regarding the continuous phase, 

eight partially-differential equations were solved, 

namely conservation of mass, momentum (in three 

directions), turbulent kinetic energy, turbulent 

dissipation rate, energy, and fuel vapor mass 

fraction are solved. As already mentioned, the 

RANS models were implemented to treat the 

turbulent flow. The turbulent flow was solved using 

RANS models and the Standard 𝑘 − 휀 and 𝑅𝑁𝐺𝑘 − 휀 

models were chosen and compared with each other 

[12]. In addition, we can use the equations in 

ensemble-averaged, if assumed that their 

statistically averaged characteristics can describe 

the in-cylinder processes [13]. In the present study, 

the used averaging method is density-weighted or 

Favre averaging.  

Since the piston moves with a local absolute value 

(𝑢𝑔𝑟𝑖𝑑 ), the volume of computational cells would 

face a variation needed to be incorporated into the 

equations. Thus, the general transport equation is 

written as follows: 

 

1

𝛿𝑉

𝜕 𝜌𝛿𝑉𝜙𝜃 

𝜕𝑡
+ ∇.  𝜌𝜙𝑢𝑟𝑒𝑙𝜃 

= ∇.  𝜃𝛤𝜙∇.𝜙 + 𝑆𝜙 + 𝑆𝜙 ,𝑑  

(1)  

 

where, 𝑢𝑟𝑒𝑙 = 𝑢 − 𝑢𝑔𝑟𝑖𝑑  stands for the frame-fluid 

relative velocity, 𝛿𝑉 = ∆𝑥Δ𝑦Δ𝑧 denotes the volume 

of a computational cell. In addition, the void 

fraction of a cell is represented by 𝜃  where a 

portion of which is filled with the gas mixture, 𝜌 is 

the mixture density, 𝜙 is the transported variable, 

𝑆𝜙  is the source term, and 𝑆𝜙 ,𝑑  is the source term 

due to the interactions of the droplet phase. The 

definitions of 𝜙, Γ, and 𝑆 are listed in Table I. By 

the addition of source terms to appropriate 

equations, the particles-gas phase interactions 

were concerned. 

B. Droplet equations 

The second phase equations are written in the 

Lagrangian frame which is natural for tracking 

droplets. 

The droplet momentum and trajectory equations 

adopted in this work are as follows: 

 

𝐾𝑑 =
3

4
𝐶𝑑(

𝜌𝑔

𝜌𝑑
)

1

𝐷𝑑
 𝑢𝑖 − 𝑢𝑖 ,𝑑  

𝑑𝑢𝑖 ,𝑑
𝑑𝑡

= 𝐾𝑑 𝑢𝑖 − 𝑢𝑖 ,𝑑 −
1

𝜌𝑑
 
𝑑𝑝

𝑑𝑥𝑖
  

(2) 

 

𝑑𝑥𝑖 ,𝑑
𝑑𝑡

= 𝑢𝑖 ,𝑑  
(3) 

 

Table I. Transport equation variables 

Variable 𝝓 𝜞𝝓 𝑺𝝓 

Mass 1 0 0 

Velocity 𝑢 𝜇𝑒𝑓𝑓  𝜃 𝜕𝑝/(𝜕𝑥𝑖  ) 

Energy  𝜇𝑒𝑓𝑓

𝜍
 0 

Turbulent kinetic 

energy 

𝑘 𝜇𝑒𝑓𝑓

𝜍𝑘
 𝑃𝑘 − 휀 

Eddy dissipation 

rate 

휀 𝜇𝑒𝑓𝑓

𝜍휀
 

𝐶1휀(휀 𝑘 )(𝑃𝑘)

− 𝐶2휀(휀
2

𝑘 ) 

Fuel vapor mass 

fraction 

𝑓 
𝐷 

0 
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The Reynolds number is used to evaluate the 

drag coefficient𝐶𝑑 , thus: 

 

𝐶𝑑 =  
0.44                                           𝑅𝑒𝑑 > 1000

(24 + 3.6𝑅𝑒𝑑
0.687 )/𝑅𝑒𝑑           𝑅𝑒𝑑 ≤ 1000

  
(4)  

 

where particle Reynolds number is defined as: 

𝑅𝑒𝑑 = 𝜌𝑔 𝑢𝑔 − 𝑢𝑑  𝐷𝑑/𝜇𝑔. In (5) two important forces 

considered in this work are drag and pressure 

difference forces. In (6), 𝑥𝑖 ,𝑑  represents the spatial 

coordinate and 𝑡 represents temporal coordinate, 

and 𝑢𝑖 ,𝑑  is droplet velocity. Also, 𝜌𝑔 and 𝜌𝑑  are the 

gas and droplet density respectively, 𝑝  is the 

pressure, 𝐶𝑑  is the drag coefficient, and 𝐷𝑑  is the 

droplet diameter. In (5), we should calculate the 

relative velocity between the gas phase and 

droplet 𝑢𝑖 − 𝑢𝑖 ,𝑑 . Because of using RANS equations 

for solving the turbulent flow, just the averaged 

velocities are obtained. Because the main focus of 

this work is on dispersion models, details of the 

three models adopted for comparison will be 

discussed in a separate section. Droplet 

temperature and mass histories are calculated 

from equations of Borman and Johnson [14] 

equations: 

 

𝑑(𝑚𝐶𝑝𝑇)𝑑

𝑑𝑡
= −𝜋𝐷𝑑𝐾  𝑇𝑔 − 𝑇𝑑  𝑧  𝑒𝑧 − 1   𝑁𝑢

+ 𝑄
𝑑𝑚𝑑

𝑑𝑡
 

(5) 

𝑑𝑚𝑑

𝑑𝑡
= −𝜋𝐷𝑑𝐷𝑃𝑡 ln{ 𝑃𝑡 − 𝑃𝑣,∞  𝑃𝑡 − 𝑃𝑣.𝑠  }𝑆/𝑅𝑇𝑚  

(6) 

 

where 𝐷 is the diffusivity, 𝑃𝑡  is the total pressure, 

𝑃𝑣,∞  is the vapor pressure far from the droplet 

surface, 𝑃𝑣,𝑠  is the vapor pressure at the droplet 

surface, 𝑅  is the global gas constant, 𝑇  is the 

temperature, the subscripts 𝑚 denotes a mean of 

gas and droplet values, 𝐶𝑝  is the specific heat at 

constant pressure, 𝐾  is the thermal conductivity 

and 𝑄 is the latent heat of evaporation. 𝑧 in (5) is 

the argument of a function which corrects the heat 

transfer coefficient when the mass transfer is 

simultaneously taking place, and is defined as: 

𝑧 = −
𝐶𝑝𝑣

𝑑𝑚𝑑

𝑑𝑡
𝜋𝐷𝑑𝐾𝑁𝑢

 

(7) 

where 𝐶𝑝𝑣  is the fuel vapor specific heat. The 

Nusselt number, 𝑁𝑢  and Sherwood 𝑆  are 

evaluated from the following expressions [15]: 

 

𝑁𝑢 = 2.0 + 0.6 𝑅𝑒𝑑
0.5𝑃𝑟1/3 (8) 

 

𝑆 = 2.0 + 0.6 𝑅𝑒𝑑
0.5𝑆𝑐1/3 (9) 

 

where 𝑆𝑐 =
𝜇𝑔

𝜌𝑔𝐷
  , =

𝐶𝑝𝑔 𝜇𝑔

𝐾
 , and 𝜇𝑔 is the gas viscosity. 

In this work, a fully atomized model has been used 

and the initial droplets diameters are calculated 

based on Rosin-Rammler probability density 

function. Two active forces on droplets are 

aerodynamic forces and forces due to surface 

tension. The condition, which the droplet goes 

under certain deformation, is when the 

aerodynamic forces overcome surface tension 

forces. One of the models which is very famous for 

modeling breakup process is Ritz-Diwakar model 

[16]. This model considers two modes of breakup: 

Bag breakup for low Weber numbers and stripping 

breakup for higher Weber numbers. The threshold 

for the start of breakup is 𝑊𝑒𝑐 = 6 which this model 

decides which mode of the breakup will happen for 

the parcel of droplets. 

C. Turbulent dispersion models 

Taking advantage of simplicity while the accuracy 

of RANS equations provides us with time-averaged 

velocities of the flow field. But for calculating the 

trajectory of droplets as accurate as possible, we 

should incorporate appropriate models for 

attaining velocity fluctuations at the droplet 

location. In this work, three models have been 

chosen to assess their capability of predicting the 

fuel droplet trajectory, accurately. The first and 

most known model is the model of Gosman and 

Ionnadies [5] which considers a constant 

fluctuation velocity in the integration time scale 

period. This model generates a random number 

from a normal distribution, which has a zero mean 

and a unit standard deviation (Γ) and multiplies it 

in the square root of gas flow’s turbulent kinetic 

energy: 

 

𝑢′ = Γ 
2𝑘

3
 

(10) 

Here 𝑢′ is the fluctuation velocity, which will be 

added to a time averaged velocity, Γ is a random 

number and 𝑘 is the turbulent kinetic energy of 

gas mixture in droplet cell. The second model used 

in this work is Hunt and Nalpanis [8] model which 

calculates the fluctuation velocity from a 

temporally correlated random-walk model as: 

 

𝑢′ 𝑡 + Δ𝑡 = 𝑢′ 𝑡 𝑅𝑇 Δ𝑡 

+  1 − 𝑅𝑇
2 Δ𝑡  Γ t  

2𝑘 𝑡 

3
  

(11) 

where the auto-correlation function is defined as: 
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𝑅𝑇 Δ𝑡 = exp  −
𝛥𝑡

𝑇𝐿
  

(12) 

and 𝑇𝐿  is the Lagrangian time-scale of the 

continuous phase seen by the particle, which is 

related to the turbulence time-scale of the gas 

phase (𝑇𝐿
(𝑓)

) by 

 

𝑇𝐿 = 𝑇𝐿
(𝑓)

 
 
 
 

1 +  
 𝑢−𝑢𝑑  

 2𝑘 𝑡 

3

 

2

3

 
 
 
 
−1

and 𝑇𝐿
(𝑓)

= 𝐶𝜇
3/4 𝑘

휀 2 3 
 

(13) 

 

This autocorrelation function produces a new 

fluctuation velocity based on the previous time step 

fluctuation velocity and takes into account the 

temporal variation of it by 𝑅𝑇 Δ𝑡 .The third model is 

the Sommerfeld [11] model which uses both 

temporal and spatial correlations to produce the 

fluctuation velocity in this time step as: 

 

𝑢𝑖
′  𝑡 + Δ𝑡 = 𝑢𝑖

′  𝑡 𝑅𝑃𝑖 Δ𝑡, Δ𝑟 

+ Γi t  1 − 𝑅𝑃𝑖
2  Δ𝑡, Δ𝑟  

2𝑘 𝑡 

3
 

(14) 

 

The solution of (14) for an initial condition 

represents a sequence of successive velocities. In 

this equation, Δ𝑟  represents the spatial 

displacements during the Δ𝑡 interval and 𝑅𝑃 Δ𝑡, Δ𝑟  

is a correlation for computing the fluctuation 

velocity: 

 

𝑅𝑃𝑖 Δ𝑡, Δ𝑟 = 𝑅𝐿𝑖 Δ𝑡 ∗ 𝑅𝐸𝑖 Δ𝑟  (15) 

 

The evolution of the fluid velocity along the path 

is declared by the Lagrangian correlation 

factor𝑅𝐿𝑖 Δ𝑡 , while the fluid velocity is correlated 

with the fluid element location by using the 

Eulerian correlation factor 𝑅𝐸𝑖 Δ𝑟 . They are 

expressed as: 

 

𝑅𝐿𝑖 Δ𝑡 = exp −
𝛥𝑡

𝑇𝐿𝑖
  

(16) 

 

𝑅𝐸𝑖 Δ𝑟 =  exp  −
𝛥𝑟

𝐿𝐸
 

−  1 −
𝛥𝑟

2𝐿𝐸
 exp  −

𝛥𝑟

𝐿𝐸
  

Δ𝑟𝑖Δ𝑟𝑗

Δ𝑟2

+  Δ𝑟  1−
𝛥𝑟

2𝐿𝐸
 exp  −

𝛥𝑟

𝐿𝐸
 𝛿𝑖𝑗  

(17) 

 

𝑇𝐿𝑖  represents the Lagrangian integral time scale 

which is calculated as 𝑇𝐿𝑖 = 0.3 𝑘 휀  and 𝐿𝐸 =

0.3𝑇𝐿 𝑘 represents the turbulent length scale. 

III. VALIDATION AND RESULTS 

This section begins with presenting the mesh 

independency results. Next section will be on the 

single parcel injection in a quiescent flow (constant 

volume) and the final section will represent the 

effect of using different dispersion models in a full 

spray structure. 

A. Grid Independence results 

Three different computational meshes which 

have a different number of cells are chosen to 

assess the grid independent results. Both the 

single-phase and two-phase characteristics are 

compared to reach grid independent results. For 

single phase mesh independency study, both the 

axial and radial velocity in a distance from the 

nozzle is shown in Fig. 1. 

 
(a) 

 
(b) 

Fig. 1. Mesh independent results (a) axial velocity 

(b) radial velocity in 4 cm from nozzle 
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Fig. 2. Validated spray tip penetration results 

 

B. Validation 

The experimental data set that is used for 

validating the computed results is for SANDIA 

experiments [17]. This set of data is the injection of 

n-Heptane fuel in a constant volume chamber. The 

conditions of this experiment were applied in an 

in-house CFD code. Details of the case chosen for 

comparison are summarized in Table II. Spray tip 

penetration results of three different 

computational meshes were compared to 

experimental data in order to choose grid 

independent results. The first grid has 105000 

cells, the second grid has 194400 cells and the 

third one has 336000 cells (Fig. 2). 

The results are promising when compared to 

experimental data and the second computational 

mesh has been chosen because of fewer 

computational efforts and at the same time having 

a high level of accuracy that shows in Fig. 1 and 2. 

 

Table II.Transport equation variables 

Data Type Quantity 

(Unit) 

Data Type Quantity 

(Unit) 

Injection 

duration 

1.5 

(ms) 

Ambient 

temperature 

440 

(K) 

Fuel 

temperature 

363 

(K) 

Ambient 

pressure 

2.93 

(MPa) 

Injected 

mass 

3.46 

(mg) 

Ambient 

Nitrogen 

mole 

fraction 

100.0 

(%) 

Fuel type n- 

Heptane 

Nozzle 

diameter 

0.084 

(mm) 

 

C. Single parcel injection 

This section presents the differences in choosing 

three different dispersion models on the 

behaviourof a single parcel which is injected in a 

constant volume chamber. In figures of this 

section, model of Gosman and Ionnadies [5] is 

declared as “simple random walk model”. First, the 

trajectory of a single parcel is studied under the 

same injection and chamber condition with 

different dispersion models (Fig. 3). This shows 

some differences in prediction of particle position 

between the random walk model and other models. 

But two more advanced modes predict somehow 

the same path for the particle. 

Fig. 4 is the droplet evaporation history which 

shows a longer life time predicted by two more 

advanced dispersion models. 

 
(a) 

 
(b) 

Fig. 3. Single parcel trajectory (a) Z-X plane (b) 

three-dimensional domain 
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Fig. 4 (a) shows twostages in droplet diameter 

versus time diagram. The first stage is an increase 

in droplet’s diameter because of being in a hot 

environment which reduces the density. The 

second stage is a linear decrease in diameter which 

is also dictated by analytical solutions. 

For assessing the performance of models in various 

chamber conditions, different initial turbulent 

kinetic energy has been chosen [18]. The initial 

value for turbulent kinetic energy in cells has been 

increased to show the change in models’ 

performance in higher turbulence levels. It should 

be mentioned that the ratio of (𝑘0/휀0) is remained 

constant in all cases [19, 20]. It can be inferred 

from Fig. 5 that increasing the turbulence level of 

flow field does increase the penetration, but at the 

same time, it increases the evaporation rate. It is 

the reason that in some cases (𝑘0 = 5 𝐾𝐽/𝐾𝑔),the 

parcel travel fewer distances to evaporate 

completely. 

 

 
(a) 

 
(b) 

Fig. 4. (a) D2 vs. time (b) evaporation history by 

three different dispersion models 

 
(a) 

 
(b) 

 
(c) 

Fig. 5. (a) Simple random walk model (b) Hunt 

&Nalpanis model (c) Sommerfeld model Trajectory 

prediction with increasing initial turbulent kinetic 

energy. 

D. Full spray injection 

By noticing differences in using 

differentdispersion models for single parcel 
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injection mode,it is conceivable that it should be an 

important factor in a complete spray of fuel. 

 

 
(a)      (b)         (c) 

Fig. 6. (a) Simple random walk model (b) Hunt 

&Nalpanis model (c) Sommerfeld model Trajectory 

prediction in full spray mode 

 

Fig. 6 is the pathways of a full spray injected 

vertically into the combustion chamber in injection 

duration. Fig. 6 shows that Sommerfeld model 

predicts a more dispersed structure of spray and 

fuel droplets travel more distances in the radial 

direction in comparison to two other models. But 

the spray tip penetration is predicted almost the 

same, using different models. 

IV. CONCLUSION 

The main aim of this paper is to assess the 

potential of using different dispersion models for 

predicting droplet behavior in turbulent diesel 

engine sprays. First, the dispersion of a single 

parcel of droplets in a constant volume chamber 

was studied. It was found that using three different 

models chosen in this article, can lead to different 

behavior because of involving more parameters of 

the flow by more complex models to calculate the 

fluctuation velocity at the droplet position. It was 

shown that the Sommerfeld model predicts shorter 

droplet life time and the droplet traverse a longer 

path which can be a sign of higher fluctuation 

velocity. Next step was to find about the effect of 

different models in calculation of a complete diesel 

engine spray. It was shown that overall behavior is 

not affected drastically by choosing various 

models; but the Sommerfeld model (as it was the 

case for single parcel mode) predicts a more 

dispersed behaviour for full spray. 
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